The gravitational form factors are related to the matrix elements of the energy-momentum tensor T µν . Using the light front wave functions of the scalar quark-diquark model for nucleon predicted by the soft-wall AdS/QCD, we calculate the flavor dependent A(Q 2 ), B(Q 2 ) andC(Q 2 ) form factors.
I. INTRODUCTION
Understanding the spin structure of the proton, which means how the proton spin (1/2) is distributed among its constituent quarks and gluons is one of the fundamental problems in hadron physics. Most of the studies, both theoretical and experimental, mainly aim at the longitudinal spin or helicity. Understanding the transverse spin and transverse angular momentum of the proton is a much more involved problem. The complications associated with the transverse angular momentum are best understood in light-front framework, in which one gets an intuitive picture of deep inelastic electron-proton scattering processes. The longitudinal angular momentum operator is kinematical on the light-front, whereas the transverse angular momentum and rotation operators are dynamical. This implies that the partonic structure of the transverse spin is different from that of the longitudinal spin structure of the proton.
Recently, several sum rules have been proposed in the literature about transverse spin. In [1, 2] a sum rule was derived in terms of the intrinsic transverse spin operator on the lightfront. Unlike the transverse rotation operator or Pauli-Lubanski operator, matrix elements of the intrinsic spin operator are frame independent. This sum rule was explicitly verified in perturbation theory for a dressed quark at one loop. Another sum rule was proposed in [3] involving the transversity distribution. A new transverse polarization sum rule was proposed in [4] [5] [6] which was interpreted at the partonic level. This was partially motivated by [7] where a relation between the expectation values of equal time transverse rotation operators and the gravitational form factors is derived using delocalized states in the rest frame of the nucleon.
Authors of [4, 5] analyzed the matrix elements of the transverse component of the PauliLubanski operator for a transversely polarized state and related it to the gravitational form factors A(0) and B(0). In [8] [9] [10] it was pointed out that the above result is frame dependent.
In fact the only frame independent result is obtained in terms of the intrinsic spin operators on the light-front; the corresponding relation not only involves A(0) and B(0) but also the higher twist termC(0), and the contribution fromC(0) is not suppressed. In this work, we verify the statements made in [10] in a model calculation.
Here, we evaluate the GFFs for a transversely polarized proton from the energy momentum tensor and verify the sum rule for the transverse spin in a light front quark-diquark model.
For this work, we take a phenomenological light front quark-diquark model recently proposed by Gutsche et al. [11] with the corrected parameters given in Ref. [12] . In this model, the diquark is considered to be scalar(i.e. scalar diquark model) and the light front wave functions for the proton are constructed from the wave functions obtained in light front AdS/QCD correspondence [13] . The parameters in this model are fixed by fitting to the electromagnetic form factors of the nucleons. Using the overlap formalism of light front wave functions, we calculate the GFFs from the energy momentum tensor (T µν ) for a transversely polarized proton.
The intrinsic spin operators which can be derived from the transverse components of the PauliLubansky operator are shown to satisfy the sum rule consistent with [10] .
The Fourier transform of the gravitational form factor in the impact parameter space has interesting interpretations [14, 15] . The Fourier transform of the form factor A(Q 2 ) gives the longitudinal momentum density (p + density) in the transverse impact parameter space. We have evaluated this momentum density in our model. For unpolarized nucleon the momentum density is axially symmetric whereas for a transversely polarized nucleon, the deviation from the axially symmetric distribution is found to be dipolar in nature.
In Sec.II, we describe the model very briefly before providing the results for the GFFs in Sec.III. In Sec.IV, we derive the matrix elements of the energy momentum tensor and the Pauli-Lubanski operator for a transversely polarized proton state with transverse momentum P ⊥ = 0. The sum rule for the intrinsic transverse spin obtained from the Pauli-Lubanski operator involves the GFFs A(0), B(0) andC(0). In Sec.VI, we summarize our main results.
In Sec.V, the longitudinal momentum densities in the transverse impact parameter space for both unpolarized and transversely polarized nucleons are discussed. The detail expressions of the matrix elements of T µν are provided in the appendix.
II. LIGHT-FRONT QUARK-DIQUARK MODEL FOR THE NUCLEON
In quark-scalar diquark model, the nucleon with three valence quarks is considered as an effectively composite system of a fermion and a neutral scalar bound state of diquark based on one loop quantum fluctuations. The generic ansatz for the massless LFWFs as proposed in [11] is
where ψ λ N λqq (x, k ⊥ ) are the LFWFs with specific nucleon helicities λ N = ± and the struck quark q has a spin λ q = ±, where plus and minus correspond to + q (x, k ⊥ ) and ϕ (2) q (x, k ⊥ ) are the wave functions predicted by soft-wall AdS/QCD [13] 
The normalizations of the Dirac and Pauli form factors are fixed as 
so that F q 1 (0) = n q and F q 2 (0) = κ q where n u = 2, n d = 1 and the anomalous magnetic moments for the u and d quarks are κ u = 1.673 and κ d = −2.033. The structure integrals,
obtained from the LFWFs have the form as
with
In this model, the value of the AdS/QCD parameter κ is taken to be 406.6 MeV and the other parameters are fixed by fitting to the electromagnetic properties for the proton and neutron such as form factors, magnetic moments and charge radii [12] . For completeness, the parameters are listed in the Table I . Here, we should mention that the value of the parameter κ depends on exact AdS/QCD model, here we use the value of κ = 406.6 MeV as determined by fitting the nucleon form factors with experimental data in Ref. [16] .
III. GRAVITATIONAL FORM FACTORS
The gravitational form factors(GFFs) which are related to the matrix elements of the the stress tensor (T µν ) play an important role in hadronic physics. For a spin 1/2 composite system, the matrix elements of T µν involve four gravitational FFs [4, 10]
whereP = (P + P ′ )/2 and q = P ′ − P and A(q 2 ), B(q 2 ), C(q 2 ) andC(q 2 ) are the GFFs. The spin-nonflip form factor A is analog of the Dirac form factor F 1 . A(q 2 ) allows us to measure the momentum fractions carried by each constituent of a hadron. According to Ji's sum rule [17] , 2 J q = A q (0) + B q (0). Thus, one has to measure the spin-flip form factor B to find the quark contributions to the nucleon spin. B(q 2 ) is analogous to the Pauli form factor F 2 for the vector current. In the light-front representation, one can easily compute spin-nonflip and spin-flip GFFs by calculating the ++ component of the matrix elements of the the stress tensor [18] as
Here we consider the Yukawa Lagrangian
which leads to the corresponding energy momentum tensor as
Using the two particle Fock states for
and
and the light-front wave functions given in Eq. (1), we evaluate the GFFs A(q 2 ) and B(q 2 ) depending on different flavors (struck quark) as
where A q/b (q 2 ) and I 
with R q (x, Q 2 ) and σ q (x) as defined in Eqs. (6, 7) . In Fig. 1 
IV. MATRIX ELEMENTS OF THE ENERGY-MOMENTUM TENSOR
Here we consider the transversely polarized state to calculate the matrix elements of T µν .
The transversely polarized state (polarized along +ve x direction) is given by
where
) represents the two-particle Fock state corresponding to
).
For the transversely polarized state we calculate the matrix elements of T µν for Ψ 8), we use the matrix elements of the different γ matrices listed in the appendix of the Ref. [10] . Here we list only the final expressions of all the matrix elements for zero skewness and the detailed calculations are given in the appendix.
We keep only terms linear in q, which are relevant for evaluation of the matrix elements of transverse spin. The matrix elements of T µν up to O(q) are: We see from the Eq. (22) that the matrix element of T ++ in a transversely polarized state does not depend on the form factor A(Q 2 ). It depends only on the form factor B(Q 2 ). Whereas, Eq.(25) implies that the matrix element of T +− depends on bothC(Q 2 ) and A(Q 2 ). For nonzero skewness, the matrix element of T +2 has a term proportional to q + as shown in [10] . But the matrix element of T +2 in this quark-diquark model is zero when we consider only the term linear in q. The main reason is that the LFWFs are independent of quark mass in this model.
For zero skewness, the results of this quark-diquark model are consistent with Ref. [10] . Using Eq. (13) and (25), we evaluate theC(Q 2 ) form factor. In Fig. 2 we show the form factorC(Q 2 ) for different struck quark. The quark and the diquark contributions are shown in Fig. 2 (b) and (c) respectively.
A. Matrix element of the Pauli-Lubanski operator
The Pauli-Lubanski operator is defined as [10] 
where ∆ = P ′ − P . Using the results of the individual matrix element in Eqs. (27), (28) and (29), the matrix element of the total Pauli-Lubanski operator W 1 can be written in this quark-diquark model as
One can notice that as B(0) = 0 ( Fig. 1-b) , only the matrix element of T +− make contribution to the matrix element of total W 1 operator in a transversely polarized state. For different struck quarks, the matrix element of total W 1 operator will give different values due asC (0) is different for u and d quarks. The non-vanishing contribution ofC to the matrix element of Pauli-Lubanski operator W 1 has been reported previously in [10, 19, 20] .
For a massive particle like nucleon, the intrinsic spin operators can be related with the Pauli-Lubanski operators through the following relations [1, 2, 10],
where J 3 is the helicity operator. The matrix element of the intrinsic spin operator in a transversely polarized dressed quark state has been explicitly demonstrated in [2] . The matrix element of the intrinsic spin operator in a transversely polarized state in the quark-diquark model is given by
In [10] , the authors have described in detail whether the matrix elements of the intrinsic spin operator are frame independent or not whereas the authors in [4, 5] have claimed that the results are frame independent though they have calculated only in a frame where P ⊥ = 0. 
V. LONGITUDINAL MOMENTUM DENSITY IN TRANSVERSE PLANE
According to the standard interpretation [14, [21] [22] [23] [24] ] the charge and anomalous magnetization densities in the transverse plane can be identified with the two-dimensional Fourier transform(FT) of the electromagnetic form factors in the light-cone frame with q
Similar to the electromagnetic densities, one can evaluate the gravitomagnetic density in transverse plane by taking the FT of the gravitational form factor [14, 15] . Since the longitudinal momentum is given by the ++ component of the energy momentum tensor it is possible to interpret the Fourier transform of the gravitational form factor A(Q 2 ) as the longitudinal momentum density in the transverse plane [15] . For a unpolarized nucleon the momentum density can be defined as
where b = |b ⊥ | represents the impact parameter and J 0 is the cylindrical Bessel function of order zero and Q 2 = q 2 ⊥ . Under isospin symmetry, the momentum density is same for both proton and neutron. Due to polarization, the density gets modified by a term which involves the spin flip form factor B(Q 2 ). For transversely polarized nucleon, the momentum density is given by [15] 
where M n is the mass of nucleon. The transverse polarization of the nucleon is given by S ⊥ = (cos φ sx + sin φ sŷ ) and the transverse impact parameter is denoted by b ⊥ = b(cos φ bx + sin φ bŷ ).
Without loss of generality, the polarization of the nucleon is chosen along x-axis ie., φ s = 0.
The second term in Eq.(35), provides the deviation from circular symmetry of the unpolarized density.
Results for the momentum density ρ(b) for the active quark u for both unpolarized and the transversely polarized nucleon are shown in Fig.3 . Similar plots for the active quark d are shown in Fig.4 . The plots show that the unpolarized densities are axially symmetric and have the peak at the center of the nucleon(b = 0). For the nucleon polarized along x-direction, the peak of densities gets shifted towards positive y-direction and the densities no longer have the symmetry. It can also be noticed that the width of the density for d quark is larger but the height of the peak is sufficiently small compare to u quark. In Fig.5 and Fig.6 , we show the total nucleon p + densities (fermionic plus bosonic) for both the unpolarized and the transversely polarized nucleon for different active quark u and d respectively. The total angular-dependent part of the densities are small. So the shifting of the densities in ρ T (b) are also very small and it is practically invisible in Fig.5(d) and Fig.6(d) . However, removing the axially symmetric part of the density from ρ T (b) i.e, if we look at (ρ T (b) − ρ(b)), one can find that the total angular-dependent part of the density(i.e. distortion from the symmetry) displays a dipole pattern ( Fig.7(c) and (d) ). The angular-dependent part of the densities for active quarks u and d are shown in Fig.7 (a) and (b) respectively. Both plots show the dipole pattern but it is broader for d quark than u quark. Though the dipolar distortion for individual quark is quite large when both quark and diquark contributions are added together for the nucleon, the distortions become small irrespective of struck quark flavor (Fig.7(c) and (d) ).
VI. SUMMARY
The main result of this work is to show that the sum rules for the intrinsic spin for a transversely polarized proton involve the form factors A q , B q andC q in agreement with the claim in Ref. [10] . We demonstrated this in a recently proposed light front quark-diquark model where the LFWFs are modeled from the wave functions obtained from light front AdS/QCD.
We have also shown explicit Q 2 behavior of the gravitational form factors in this model. We have evaluated the longitudinal momentum density (p + density) in the transverse plane for both unpolarized and polarized nucleon. For transversely polarized nucleon, the asymmetries in the distributions for an individual quark is quite large, but when the contributions from the quark and the bosonic diquark are considered, the overall asymmetries in the nucleon become small but are shown to be dipolar in nature.
Appendix A: Matrix elements of T µν 1. T ++ : up going to up matrix element
Using the matrix elements Eq. (8),
2. T ++ : up going to down plus down going to up matrix elements
Using the matrix elements from Eq. (8),
So,
3. T +1 : up going to up matrix element
Using the matrix elements from Eq.(8),
Comparing Eq. A18 and Eq. A19,
4. T +1 : up going to down plus down going to up matrix elements
We keep only terms which are linear in q ⊥ , then ignoring the term q
5. T +2 : up going to up matrix element
Comparing Eq. A31 and Eq. A32,
6. T +2 : up going to down plus down going to up matrix elements
Ignoring the term (q
7. T +− : up going to up matrix element
The diquark mass λ appears only inC(Q 2 ) and is taken to be 0.6GeV. Using the matrix elements from Eq. (8),
If we ignore the (q ⊥ ) 2 dependent term,
8. T +− : up going to down plus down going to up matrix elements
The interaction terms will not contribute in the 2 → 2 process. It will contribute only when we consider the higher order corrections.
Appendix B: Matrix elements of T +2 for nonzero skewness
To calculate the matrix element of Pauli-Lubanski operator, first we need to evaluate the matrix elements of T +2 for nonzero skewness. For this section we use the following frame as P = (P + , P ⊥ , P − ) = P + , 0, M (1 − ζ)P + ,
where t = − 
with A q (x) = log(1/x ′ ) 2κ 2 (1 − x ′ ) + log(1/x) 2κ 2 (1 − x) , 
Using the matrix elements from Eq. (8):
Ignoring the term (q (B9)
